Collisional Equilibration

1. lon/lon Collisions and
Maxwellian Equilibrium

Consider two-body collisions among monoenergetic
particles of density 7. (1/cm3), charge Z, at energy E.
(eV). The collision frequency £ is taken as the inverse of
the two-body energy exchange (9o° deflection) or
slowing-down time, £, (Delcroix)} given by
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Here A is the ion mass number and I is the Coulomb
impact parameter. The two-body collision rate density is
just ¢- = n.>. Since fusion density is
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where &;; is 0.25 (0.5) for differing (identical) ions, the
ratio of two-body to fusion collisions is g.r = ¢./gr
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for collision energy (CM frame) E. in €V and orin barns.
Here the particle collision speed has been taken to be v,
={2E./mAles for monoenergetic particles (all fusion reac-
tions have been assumed to be at 90’ incidence) and ofis
to be evaluated at v..

If (orvJ) is integrated over the actual collisional energy
distribution from the initial radially-monoenergetic ion
energy distribution, fusions are more probable and the
coefficient in equation (3) will become considerably
smaller than given above. For example, for DT, if E. is
taken as 10 keV, and the initial collision energy distribu-
tion E(6) = E(1-cos 6) is used, then the integrated aver-
age value of <ov> is about 3.4 times larger than for the
monoenergetic calculation. Thus, initially — at this
mean energy — the ratio ¢, will be 0.29 times that cal-
culated from equation (3); at E. = 20 keV the factor is
about 0.62.

The mean time for “approximate Maxwellianization”
(t.mo) can be taken as the collisional slowing down time
(), from equation (1), at the core high density condi-
tions, divided by the fractional time (g;) that any given
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ion spends in this region, thus ... = £./g;. However, as
shown by Rosenbluth ez 2/, the time (1) to Maxwellian-
ize particles by upscatter to velocity vy, in the high en-
ergy “tail” of the distribution is greater than this (be-
cause of cross-section decrease with energy) by a factor
of about (1/2)(wr/v.)3, thus the time to Maxwellianize
particles to energy Ey in the “tail” is
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It is evident that an increase from E. to 6 E,, say, requires
about 7.2t If E, is initially at 10 keV, for example, then
the tail of the distribution will be filled at 60 keV in this
time. Now) at this higher energy the fusion cross-
section for the fast particles (of DT) with bulk ions is
about 20 times larger than for monoenergetic 10 keV
ions alone) thus their fusion reaction rate will be higher
by about 20(60/2)0.5 = 110 than that of the (assumed)
initial 10 keV population. These two effects plus the
increase in ion speed with (E.)°s are responsible for the
well-known fact that most fusion reactions in thermal-
ized DT at ca. 10 keV come from regions at 50-60 keV
in the Maxwellian tail.

At t = t the mean energy distribution will have re-
laxed so that the low- and mid-range distribution is
“approximately Maxwellian.”

For monoenergetic ions at 10 keV, ¢,ris about q2f = 3.1 x
104, while at 60 keV, ¢,¢= 210) corrected for all-angle
collisions. With such collisionality the bulk collisions in
the central core (r < r,) will tend to distort the core in
energy distribution from its initial form. However, it is
important to note that the two-body collisions in equa-
tions (1) and (3) do not involve the same ions from one mo-
ment to the next. This is because each ion resides in the
core only a small fraction of its transit time across the
system, thus the rate of collisional energy scattering is
much less than would be adduced from the calculation
of ¢.f, above.

The time any given ion spends in the core is just Ot = 7,/
<) while the time required for a system transit is

ot =2j|ii(3c)
()
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For an assumed parabolic potential well shape the ion
speed is given crudely by () = v{1-<r>2}os, where <r> =
(#/R). With this, the transit time is estimated as 0t.g =
nR /7., so that the fraction of time spent in the core is
given by gi = 7,/nR = <ry>/m.

Thus the number of upscattering two-body collisions
per ion per fusion reaction becomes g,/ = g,<7,>/7, s0
that the previous examples give only ¢ = 101 for E, =1
x 104 eV and ¢zf = 0.67 for E, = 6 x 104 eV. Since Max-
wellianization requires at least £ for ions in the bulk and
(ts/2)(EL/E)s for the tail ions, it is evident that full
Maxwellianization can not occur for well depths of 25-30
keV or greater, and that the high energy tail distribution
will never be filled for such mean core energies.

Core mean energies below this collisional energy range
can result in Maxwellian distributions well out into the
tail. For Maxwellian distributions in the core) the ¢.f
ratio can be written for DT with a Maxwell-averaged
<0v> at core mean energy E,. as

Goy = 3.2x107 L(F) (4)
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Taking the Coulomb factor to be LN(I') = 10 as typical,
this yields ¢.mr= 200 at E,. = 5 x 104 €V as the average
number of two-body energy exchange collisions per av-
erage fusion event. However here, as before, ions in the
tail can have much higher fusion reaction rates, thus will
tend to be reacted before reaching full Maxwellian den-
sity equilibrium for E,, << E- at-peak-cross-section.

Now, ions with energies Ez > E,, in the Maxwellian tail
will circulate to radial positions further out than the ion
injection radius, 7i; < R. As the Maxwellian tail is built
up by continuous collisions within the small central
core, these fast ions will climb further and further out
until they are eventually lost to the system. If the well is
three times deeper than the potential at the injection
radius, fast ions must have resided in the core collision
system for (315)/2 = 2.6 times the two-body collision time,
t.;. If the well is six times deeper, the fast ion residence
time would be ca. 7.2¢... In this case the fast ions at Er, >
6E . will all escape from the system. The energy they
carry at escape is small, however, in that their fast tail
energy is lost to the confining well before their depar-
ture from the system.

Ion collisional makeup will be required to supply the
thus-truncated tail, but at a rate of only about 2(E,./Ep)"s
= 0.13 times that of the basic two-body collision process.
This energy exchange rate is just ¢. = nf;, from equation
(), and is ¢ = 1.0 x 10 collisions/second/cms in the core
with 7. = 1 x 1077/cm3 at E, = 5 x 104 eV. If the core radius
is 7 = 1 cm, the total collision rate Q, = g.(core volume) is
Q = 4.3 x 10 collisions/second. However, any given ion
is only in the high density core region for a fraction g; of
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its lifetime within the system, thus the rate of upscatter-
ing of each ion in the system will be less by this factor
than would be estimated from the expression for loss to
a sink at energy Er above core energy E, (or Ey.).

Thus the actual loss rate for this example would be

1.5
EC
QL = 2giQ2 E (5)

L

The ion in-core time fraction is (as previously shown)
about g; = <rp>/m. With this, for a convergence ratio of
<r,>=107) the previous example gives a DT mass loss
rate of (M/dt)pr = 2.74 x 1074 gm/sec to Er > 6E,. This is
a volumetric loss rate of about 1.5 x 1073 liter
atmosphere/second, adding a leakage gas load to the
vacuum pumping system. Note that the energy of these
escaping ions outside the system is not 6E,. but is very
small; most of their energy has been given back to the
well, this loss should not create any significant problem
of ion sputtering external to the system. If E, = 2 x 104
eV, the loss rate is four times greater for Er > 6 E,, and
eleven times greater for Er. > 3 E,.. Loss rates for this
latter case would be 1.87 mg/second or 1.68 x 107 liter
atmosphere/second. If pumping capacity is 3 x 104 liter
atmosphere/second this would limit the system base
pressure to about 5.7 x 107 atmosphere.

The system net energy gain (balance) will be little af-
fected, since most energy loss is due to electron escape
through the cusps. Note that this gain 7s reduced by the
factor of increased electron injection energy required to
create a deeper well to hold upscattered ions versus the
minimum well depth needed for core ion energy alone.
But deeper-than core-energy wells are required anyway;
to allow ion injection deep enough within the magnetic
field surface to avoid excessive transverse ion momen-
tum generation in core ion recirculating flow:

2. Electron Thermalization

Electron collisional thermalization will also occur, but
principally in regions of large density and in these re-
gions the electron energy is low. In the core the relevant
collision type is that of ion collisional heating of elec-
trons. The relaxation time for equilibration in such colli-
sions is (7i/m..) longer than that for electron self-
collisional relaxation. Thus, since ion/ion two-body colli-
sional relaxation is slower by the square root of this fac-
tor, ion heating of electrons will be slower than ion two-
body collisions by this same factor, (zi/n2..)°s.

There are two points of interest here. First is the elec-
tron thermalization time compared to the electron life-
time in the high density core, as limited by Gj transits
before cusp escape. Spitzers gives this time as
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For a core radius of r = 1 cm, an assumed electron energy
of e.g. 1 keV in the core, so that v, = 1.8 x 109 cm/sec,
and an electron current recirculation factor of Gj =1 x
105, the core lifetime is £, = 1.I X 1074 sec. At this elec-
tron energy, with ion energy of E, = 5 x 104 ¢V and LN(I')
=201 the ion/electron equilibration time for 7.;. = 1.0 X
10'7/cm3, for example, would be £, = 6.7 x 1076 sec from
equation (6), above. Thus, 1 keV electrons will be well
thermalized after only a few thousand passes through
the core. The assumed (low) electron energy therefore is
not valid.

At the other extreme, assume that the electrons have
energy of 5 x 104 eV (as though already in equilibrium
with core ions). Then the equilibration time is £, = 2.1 x
107 sec, while the lifetime in the core is only £... = 1.6 x
1075; about 130 times less than this.

Thus electrons in this example will not remain cold, nor
will they reach ion temperatures/energies. Rather, the
electron energy will tend to reach an equilibrium value
when . = t.,. ,or when the core lifetime

2Gr E1.5
L2 = 1.7x10° —-~—— (6b)
v, nZ’LN(T)

For w. = (2E. /m..)°s this gives the equilibrium core elec-
tron energy as

E,,, ~145x10"Z\[n5,G,LN(T) (V) 0

If i = 1 x 107/cm3, r = 1 cm, LN(I) = 20, then Egy = 6.7 x
103 eV. For higher ion density, e.g. 7; = 1 x 10'8/cm3) this
is still only =20 keV. However if G; — 1 x 106 the calcu-
lated equilibrium electron temperature for this last case
becomes an unphysical 63 keV, and electron losses would
become greatly enhanced by core thermalization.

For more realistic, lesser (initial experimental) condi-
tions) electron thermalization is not significant. For ex-
ample, for Gj = 1 x 103, 7; = 1 x 102/cm3, and 7 = 1 cm) this
simple model gives Eq., = 2.1 eV. Since this is very much
less than (7. /m.)E; for all E; > 2 x 104 €V, the ion colli-
sion rate with electrons would dominate, and the equili-
bration electron temperature due to ion/electron colli-
sions is expected to be only Eae, = (7. /m.)E;. This does
not take into account electron acceleration by a central
virtual anode) which can raise the electron energy. In
general it is expected that core collisional equilibration
of electrons will be insignificant at planned laboratory
experimental conditions and will become noticeable but
not dominant as reactor conditions are approached.
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Electron collisions will also occur outside the core re-
gion. Here the electron density will tend to follow the
ion density. Taking a parabolic distribution as illustra-
tive,

2
n,(r)=n, (5) (6d)

r

as typical, where 7., is electron surface density

neO = Gjnelinj (66)

and the electron energy variation also as parabolic,

2
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yields the functional dependence of the equilibration

time as
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where K is a factor containing design parameters and
constants of the system. From this it is evident that
electron equilibration will proceed much more slowly as
r — R than as r — r,, and hence can be neglected at least
to first order.

3. lon/lon Collisional Dispersion

Returning to ion collisions, it is of interest to estimate
spreading of initially-radially-monoenergetic energy dis-
tributions and of the ion spatial convergence radius due
to ion/ion self-collisions in the core. Lovberg+ has shown
that these effects can be kept non-dominant in system
operation.

The first complete analysis of collisional equilibration of
particles with initial uniform and equal energy was car-
ried out by Maxwells in 1859, who showed that the stable
state distribution of energy (or velocity) was (what we
now call) the Maxwell (or Maxwell-Boltzmann) distribu-

tion
m \° —mv’
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In the central core, ion/ion collisions will produce this
distribution, albeit with a truncated tail (for some condi-
tions, as explained above) with the consequences de-
scribed previously. This distribution is achieved by the
combined effect of a very large number of small-angle
collisions of each particle with the Coulomb fields of
the surrounding particles that can affect its motion.
These are limited to those contained within a sphere




around each particle with radius equal to the Debye

shielding radius
K\
L,= ®
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For ion core energies E, > 1 x 103 eV, the Debye sphere
will contain a very large number of ions for any density
7 < 1 X 10%9/cm3, thus most collisions-deflections will be
due to distant small-angle encounters. Anyone collision
will yield only a small deflection and momentum trans-
fer to the deflected particle. The next collision will be
uncorrelated in direction, and successive collisions
equally so. The net result is that the spread of particle
motion and momentum (and thus of energy) will pro-
ceed as a collisional random-walk process until momen-
tum equivalent to the particle initial momentum is ex-
changed with the plasma system.

At this point the particle will have been deflected ap-
proximately nt/2 (90°) from its initial course and can be
viewed as then having undergone an “energy exchange
collision” of the sort used in the preceding sections
herewith. While the time to reach the state of this “col-
lision” and the energy exchange associated with it are
both useful in zero order analyses (as above) they do not
disclose details of the random walk process that are im-
portant in assessing first order effects in core collisional-
ity

To illustrate these it is useful to consider the random
walk problem. Following Jeans the random collisional
one-dimensional motion of a particle traversing a mean
free path £, between collisions is describable by the
probability P that it will have moved a distance s£, in N
collisions by

N!
P=—-—()
plqg'2

where p+g = N and p-¢ = 5. Noting that N is very large in
problems of interest and that s is small relative to N al-
lows this factorial representation to be reduced by Stir-
ling’s approximation (for ! with 7 large) to the familiar
Gaussian form

2 —s
P(s)= |—ExP| =
()=\zn ( 2N } oo

This is the probability that a particle has moved s mean
free paths in N collisions in one-dimensional motion.
Rewriting this in terms of particle speed v and time t)
and extending to three dimensions, yields

2£ )7 —r’
P(r)=| == | EXP
(r) (n’vt) (2vt£j )
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as the probability of diffusion to radius  from the ori-
gin, in time £, expressed in one-dimensional spherical
coordinates.

This can be applied in two ways to the present problem
of diffusion due to numerous small angle collisions. One
way is to determine the radial displacement associated
with a given number of collisions, and thus to obtain a
measure of ion dispersion and associated core conver-
gence defocus sing due to same. Another is to estimate
the energy change due to small angle collisions over a
given time or collision number.

This latter is straightforward, simply noting that the
probability P equally defines diffusion in energy space,
where » — E (E is total energy spread), with £ — OF, as
the energy change per collision (the “energy mean free
path”), and v — fOE, as the “speed” in energy space,

thus
15 2
P(E):[i} EXP Lz )
7 fi 21t(8E,)

Here the energy exchange per collision is just OE, =
n(Ze)*/Lp, where Lp is the Debye length, Lp = (kT/
4mne2)°s, as usual, or Lp = (E./6mne.?)°s for the thermal-
ized case where E, = 3/2)kT.

The mean free path in coordinate space is just £ = 1/n.0p
where op is the Debye sphere small angle collision cross-
section (ff.. Lovberg),+ op = n(Lp)2. The collision fre-
quency is then simply f = v/£ = (7vop), where v =
(2Ec/m.;)>s. Now the probability that a particle will scat-
ter into some energy o < E < oo must be exactly unity.
Thus the energy probability P(E) can be normalized to

o

C[P(EWE=1Gzb

0

from which it is found that the coefficient C = (nft./
20E,), so that the probability of scattering to an energy
displacement E, from initial energy, per unit energy) is

just
2 1 —E*
P(E)= | ——EXP| ————— | (13
o(E) \ 7 fi OE, 241(8E,) )

With this the most probable value of the scattered en-
ergy <E(£)> at any time) from small-angle collisions
about an initial energy state (i.e. the Gaussian full-width
at half-maximum amplitude) is found from

(E(1))= TEPO (E)dE = @6& (4)

0



which is analogous to Lovberg’s equation (12) and its
predecessor. Using the Debye collision cross-section as
before, this gives an energy dispersion due to small-angle
scattering over time £, of

<E(t)> =7t~ 2nvt (Ze)2 (s

For 10 keV ions uniformly distributed throughout the
system at a density of n = 1 x 10*2/cm3, and with a system
lifetime of t = 1 x 1072 sec (as in Lovberg’s first example),
this yields <E(t)> = 632 €V or +316 eV as the deviation
from mean energy. Note that the collisional time as-
sumed gives an integrated area density of (ion) collision
centers along the ion path of about 1 x 10*/cm? for any
given ion transiting the uniform system.

As previously shown, the ion system transit time is
about Ot.g = n(R/v,), where v, is ion speed at core condi-
tions (assuming a relatively flat central region without
significant virtual anode formation), Typically the transit
time is OLg = 3.1 x 107 sec for R = 100 cm and E; = 1 x

104 eV; this corresponds to about G; = 3.2 x 103 ion tran-
sits through the system. This is roughly equivalent to an
electron current recirculation factor (outside the stagna-
tion radius 7 of Gj = Gimiln..)°5 = 1.4 X 105.

The uniform distribution of ions assumed above is of
course) not realistic for the system. Rather) the ion dis-
tribution will vary approximately as (1/r?) outside a core
of radius 7,, and will increase faster within the core.
With this distribution, and assuming a 3:1 density jump
at the core boundary, as used for convenience in earlier
calculations (e.g. DT1/1989,” Lovberg),+ the integrated
value of

R

(nvt)=2G, Jn(r)dr (15b)

0

is about 3.32(Gi.r,). For the G; value above, this gives a
much smaller value for collisional density than before;
here <nvt.> = 1.1 x 10'6/cm2 which yields an energy
spread of <E(t)> = 63 €V or a half-width of 31 eV.

As a final example consider a core density of nc = 3 x
107/cm3, a core ion energy of E; =3 x104eV,7,=1cm
and the same number of ion transits as in the previous
case. Then, using the density distributions cited by
Lovberg, the total ion path density per unit area is
<nvt.> = 3.92 x 10%/cm?, For this system, the energy
spread becomes (equation 15) <E(t)> = 2.82 x 104 €V =
28.2 keV, for a half-width of 14.1 keV. This spread seems
acceptable over such a lifetime, even though the system
is significantly (but not completely) Maxwellianized,

For such a quasi-Maxwellianized core-ion thermal en-
ergy (temperature) of E. = 30 keV, the initial radial ion
injection energy must be about (3/2)E. or 45 keV. The
mean upscatter energy dispersion is, as above, about
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+14.1 keV. Allowing for 2.5 times the mean jon tempera-
ture gives a well depth of 75 keV which is sufficient to
trap the mean upscattered ions. Ions inserted into the
well at the 45 keV point would be well inside the rippled
B field region, and less prone to transverse momentum
generation than for higher energy injection at larger ra-
dii. Lesser well depth could also be used, but at a price
in ion loss rate, as previously described.

It is important to note, in this connection, that the up-
scatter energy dispersion given by equations (14, 15) and
used above is only a mean value, and that the actual up-
scatter energy follows the Gaussian distribution of equa-
tion (12). This is another way of representing the even-
tual stable Maxwellian distribution that will obtain for
long-lived trapping of core ions.

Note, also I that the fusion power output of the last
example system will be

P = n’ (oV)E, 4?7[1’03F(<r0>) (50)
where

F((r0>):1+#zl.32 (15d)

For E, = 30 keV, <0v> = 5.7 x 1076 cm3/sec (Maxwellian
average), the fusion power generation becomes Pr= 8.0 x
108 watts or 800 Mw. Thus, operation with DT at condi-
tions useful for fusion power production seem tractable
within the constraints of collisional upscattering. Of
course, well depths must be chosen large enough to
avoid bulk two- and three-body collisional problems in
all events, as these are both strongly well-depth depend-
ent.

As a last topic, consider the coordinate spreading intro-
duced by small angle scattering. The coordinate prob-
ability given by equation (11) can be normalized to unity,
as was done for spreading in energy space, by integration
over o< 1 < . Noting that the mean free path is £ = 1/
n.0p, carrying out the integration gives the normalizing
coefficient as K = (nvt)(0p/2)2, and the probability of
reaching a displacement 7, per unit path length) becomes

2
P,(r)= /;’GD EXP(—ngDr j(m)
vt vt

The most probable displacement over any given time

period <0r(2) is just the function 7P(r) integrated over
the complete range of 7. This yields

vt Jée't/n

<5r(t)>: 27nG, = (szc)o.zs (17)




for op = (Lp)? and Lp = (E./6mne?)os as before. Using the
previous examples) the mean displacement due to small
angle collisional distortion of the initial energy distribu-
tion is found to be only <0r(£)> = 3.8 x 103 cm for 7, = 1
x 1072/cm3, Ec = 1 x 104 €V, and £ = 1 x 102 sec. For the
more realistic case of non-uniform density, where vt. =
2GR = 6.2 x 105 cm (rather than 6.2 x 107 cm as in the
initial case) this is found to be only 8.6 x 10 cm for the
same ion recirculation factor G;. It thus appears that
energy exchange collisions will not contribute dzrectly in
any significant way to core convergence spatia/ broaden-
ing.

However, the upscattering of energy will cause ions to
orbit to larger radii, and thus to enter regions of larger B
field, in which the B field structure is more pronounced
(as cf. to near-sphericity in the core region). This (out-
ward) penetration of stronger and more rippled B fields
will result in the transformation of a larger fraction of
ion radial energy into transverse momentum than for
orbits to smaller radii. This larger transverse momentum
in turn can defocus the ions in their subsequent transits
of the core region, and may even result in the trapping
of ions in orbit paths well outside the original core ra-
dius.

The upscattering process thus results in core conver-
gence broadening from the zndirect. effect of increased
transverse momentum generation due to ion orbit ex-
pansion. In the absence of restoring focussing effects,
this process can continue only until the ion core offset
radius is at a distance approximately equal to half of the
gyro radius of an ion calculated as with core energy in
the cusp surface field) at which time the ion will cease to
occupy a repetitive orbit, but will leave the system. Such
restoring effects may be found in transverse collisions in
the core8 and/or at the outer radius of ion motion) as
described by Rosenberg and Krall9 Further exploration
of this coupling of energy upscattering to ion orbit dis-
tortion and momentum transformation is required to
obtain a good understanding of these phenomena, and
of their effects in various systems.
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